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#-- Required Packages
library(splines)
library(tidyverse)

1 Raw input data
The raw input data is often in the form of a data frame (or tibble). For example,
#-- Raw Input Data
# cat is categorical with 3 levels: A,B,C
# num is numerical
# y is numerical response variable

Z = tibble(cat=c('A','A','B','B','C','C'), num=1:6, y=rnorm(6))
Z
#> # A tibble: 6 x 3
#> cat num y
#> <chr> <int> <dbl>
#> 1 A 1 0.836
#> 2 A 2 0.0857
#> 3 B 3 -0.646
#> 4 B 4 1.51
#> 5 C 5 -0.391
#> 6 C 6 0.221

has three columns, cat is categorical data, num which is numerical data, and y which is the outcome
variable.

2 Formula in models
The formula interface in R allows you to make transformations of the input data frame automatically. For
example, categorical (or factor) columns will generate the appropriate dummy variables.
lm(y~cat, data=Z)$coef
#> (Intercept) catB catC
#> 0.46102 -0.03058 -0.54624
lm(y~cat - 1, data=Z)$coef # remove intercept
#> catA catB catC
#> 0.46102 0.43043 -0.08523

The default behavior is to convert categorical data to a factor and drop the first level.

The formula interface is easy to use:
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#- numerical data only
lm(y~num, data=Z)$coef
#> (Intercept) num
#> 0.50433 -0.06731

#- transformations
lm(y~log(num), data=Z)$coef
#> (Intercept) log(num)
#> 0.5502 -0.2567

#- use I() to make custom functions
lm(y~I(3*num), data=Z)$coef
#> (Intercept) I(3 * num)
#> 0.50433 -0.02244

#- we have already seen poly()
lm(y~poly(num, degree = 3), data=Z)$coef
#> (Intercept) poly(num, degree = 3)1 poly(num, degree = 3)2
#> 0.2687 -0.2816 0.2344
#> poly(num, degree = 3)3
#> -0.6221

#- how about B-splines
library(splines)
lm(y~bs(num), data=Z)$coef
#> (Intercept) bs(num)1 bs(num)2 bs(num)3
#> 0.7968 -2.1965 0.7568 -0.8002

#- two predictors
lm(y~cat + num, data=Z)$coef
#> (Intercept) catB catC num
#> -0.5460 -1.3733 -3.2317 0.6714
lm(y~cat + num - 1, data=Z)$coef
#> catA catB catC num
#> -0.5460 -1.9193 -3.7777 0.6714

#- a:b stands for interactions
lm(y~cat + num + cat:num, data=Z)$coef
#> (Intercept) catB catC num catB:num catC:num
#> 1.5870 -8.6897 -5.0403 -0.7506 2.9029 1.3630

#- use . to represent everything in data
lm(y~., data=Z)$coef
#> (Intercept) catB catC num
#> -0.5460 -1.3733 -3.2317 0.6714
lm(y~. - num, data=Z)$coef # use . to include all, then remove some
#> (Intercept) catB catC
#> 0.46102 -0.03058 -0.54624

2.1 model.matrix()

Behind the scenes, lm() is calling the function model.matrix() to construct the model matrix (also
known as a design matrix). The model matrix is the real valued X matrix used for calculating the coefficients.
You have to pass a formula object into model.matrix().
fmla = formula(y~num+cat)
model.matrix(fmla, data=Z)
#> (Intercept) num catB catC
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#> 1 1 1 0 0
#> 2 1 2 0 0
#> 3 1 3 1 0
#> 4 1 4 1 0
#> 5 1 5 0 1
#> 6 1 6 0 1
#> attr(,"assign")
#> [1] 0 1 2 2
#> attr(,"contrasts")
#> attr(,"contrasts")$cat
#> [1] "contr.treatment"

fmla = formula(y~num+cat-1) # remove intercept
model.matrix(fmla, data=Z)
#> num catA catB catC
#> 1 1 1 0 0
#> 2 2 1 0 0
#> 3 3 0 1 0
#> 4 4 0 1 0
#> 5 5 0 0 1
#> 6 6 0 0 1
#> attr(,"assign")
#> [1] 1 2 2 2
#> attr(,"contrasts")
#> attr(,"contrasts")$cat
#> [1] "contr.treatment"

Or, if you are good with data manipulation construct the model matrix manually.
library(dplyr)
Z %>%

transmute(
intercept = 1,
x1 = num,
x2 = numˆ2,
x3 = ifelse(cat=='B',1,0), x4=ifelse(cat=='C',1,0)

) %>%
as.matrix()

#> intercept x1 x2 x3 x4
#> [1,] 1 1 1 0 0
#> [2,] 1 2 4 0 0
#> [3,] 1 3 9 1 0
#> [4,] 1 4 16 1 0
#> [5,] 1 5 25 0 1
#> [6,] 1 6 36 0 1

Some functions (e.g., glmnet) do not take formulas so you will have to pass in the model matrix X directly.
Another word of caution, some functions (again like glmnet) add the intercept automatically so you should
not include a columns of ones.

The function lm.fit() fits a linear model from a model matrix:
X = model.matrix(formula(y~num+cat), data=Z)
Y = Z$y
lm.fit(x=X, y=Y)$coef
#> (Intercept) num catB catC
#> -0.5460 0.6714 -1.3733 -3.2317
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2.2 Comparison
It is always good to compare the approaches just to make sure there are no mistakes.
fmla = formula(y~num+cat + I(numˆ2) + sqrt(num))

#- lm()
beta.lm = lm(fmla, data=Z)$coef

#- lm.fit()
X = model.matrix(fmla, data=Z)
beta.lmfit = lm.fit(X, Z$y)$coef

#- direct matrix operations
beta.eq = solve(t(X) %*% X) %*% t(X) %*% Z$y
# solve(crossprod(X), crossprod(X, Z$y)) # Alternative

#- output
tibble(beta.lm, beta.lmfit, beta.eq)

beta.lm beta.lmfit beta.eq

27.867 27.867 27.867
22.446 22.446 22.446
-2.558 -2.558 -2.558
-6.062 -6.062 -6.062
-1.045 -1.045 -1.045

-48.431 -48.431 -48.431

3 Appendix: tidymodels
Using the recipe package (part of tidymodels), we can create model matrices.
library(tidymodels) # load tidymodels (and recipe package)

#: create a `recipe`
rec = recipe(
y ~ cat + num, # the formula specifies the variables (outcome and predictor)
data = Z # the data object provides the variables types

) %>%
step_dummy(all_nominal_predictors())

Notes:

1. The formula specifies the variables (y is the outcome variable, cat and num are the predictor variables).

2. The data provides the variable types. The entire data isn’t necessary, I could have used head(Z) to
limit the amount of data passed around (this is only a concern for large data).

3. The step_XX() functions add transformations. In this case, we used step_dummy() to create
dummy variables for all nominal predictor variables.

The last step requires prep() and bake(). The prep() step determines the number and name of the new
dummy columns. The bake() function, which takes new_data will apply the transformations to the data.
While this seems a bit verbose for this simple setting, the benefits will be more apparent when we start more
complex modeling.
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rec %>% prep() %>% bake(Z)
#> # A tibble: 6 x 4
#> num y cat_B cat_C
#> <int> <dbl> <dbl> <dbl>
#> 1 1 0.836 0 0
#> 2 2 0.0857 0 0
#> 3 3 -0.646 1 0
#> 4 4 1.51 1 0
#> 5 5 -0.391 0 1
#> 6 6 0.221 0 1
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